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Abstract
We address the question of how one can modify the inflationary tensor
spectrum without changing at all the successful predictions on the curva-
ture perturbation. We show that this is indeed possible, and determine the
two quadratic curvature corrections that are free from instabilities and af-
fect only the tensor sector at the level of linear cosmological perturbations.
Both of the two corrections can reduce the tensor amplitude, though one
of them generates large non-Gaussianity of the curvature perturbation. It
turns out that the other one corresponds to so-called Lorentz-violating Weyl
gravity. In this latter case one can obtain as small as 65% of the standard
tensor amplitude. Utilizing this effect we demonstrate that even power-law
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EOM Equation(s) Of Motion
ADM Arnowitt-Deser-Misner
FRW Friedmann-Robertson-Walker
CMB Cosmic Microwave Background
α, β, γ, · · · Greek indices run from 0 to 3
a, b, c, · · · , i, j, · · · Latin indices run from 1 to 3
gαβ Metric on four dimensional spacetime
γab Induced metric on three dimensional hypersurface
Γαβγ Connection with respect to gαβ
Γabc Connection with respect to γab
Rαµνλ, Rαβ, R Riemann tensor, Ricci tensor and Ricci scalar on four dimen-
sional spacetime respectively
Rabcd, Rab, R Riemann tensor, Ricci tensor and Ricci scalar on three dimen-
sional hypersurface respectively
Aα;β=∇βAα Covariant derivative with respect to gαβ
Aa|b=DbA













κ= 8πG=M−2pl Mpl is a reduced Planck mass
c The speed of light. We set c = 1.




Inflation [1, 2] plays a crucial role in cosmology of the very early Universe. In particu-
lar, single-field slow-roll models of inflation generically produce nearly scale-invariant,
adiabatic, and Gaussian curvature perturbations as the seeds for cosmic structure [3].
The theoretical prediction matches observational results e.g. of the Planck experiments
fairly well [4, 5, 6, 7]. During inflation primordial tensor modes (gravitational waves)
are generated as well. The tensor amplitude is conventionally parametrized by the
tensor-to-scalar ratio, r, and the Planck constraint on r is given by r < 0.10 (95%
C.L.) [7]. Some of the single-field slow-roll models predict larger tensor modes, and
hence have been excluded by current observations. One would then ask whether one
can reduce the tensor amplitude somehow to save such models. This is the question
which we discuss in this chapter.
General relativity is an underlying assumption of standard inflation models, and
nonstandard dynamics of the tensor modes can be obtained by modifying this grav-
itational sector. In doing so, one generically expects that the behavior of the scalar
perturbations is also modified. This is however what we want to avoid, because the
standard inflationary predictions on the scalar perturbations are so successful. In this
chapter, we therefore explore the possibility of modifying only the tensor modes and
try to retain the same structure of the scalar sector as in general relativity, in order
not to spoil the remarkable agreement between the standard theoretical predictions of
the scalar perturbations and observations.
It is natural to consider quadratic curvature terms in the action beyond general
relativity since such corrections are expected to arise as signatures of new physics
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at high energies. Below we look for quadratic curvature terms that modify only the
tensor sector of cosmological perturbations without introducing any pathologies such
as ghost instabilities. It turns out that there are two independent combinations of the
curvature tensors fulfilling the above requirements. Both combinations do not change
the quadratic action for the scalar perturbations, and one of them has no impact on
the cubic action as well. The resultant quadratic curvature terms are not of the form
R2, RµνRµν , etc. which are familiar in the literature [9, 10], but they have nontrivial
coupling to the derivative of the inflaton field. We study in detail how the tensor
amplitude and tilt are modified, and discuss the implications for observations.
The organization of this thesis is as follows. We review the inflation theory in the
next chapter. In Chapter 3, we review 3 + 1 decomposition of spacetime and derive
the gravitational Hamiltonian and the constraints of spacetime. In Chapter 4, we
construct the theories with quadratic curvature terms and calculate the spectrum of
the primordial tensor perturbations. We summarize this thesis and consider the outlook






Our universe has various structures. These structures have been made by the fluctua-
tions. Therefore our universe is not completely homogeneous. But if the deviation from
the homogeneity is small, we can consider the universe is homogeneous at background
and inhomogeneity is the perturbation on this homogeneous background. Additionally,
by the observation of CMB radiation, we can see almost the same signals from all direc-
tions. Hence, we can assume that the universe is homogeneous and isotropic globally.
This assumption is called the cosmological principle.
We can use the FRW metric for the homogeneous and isotropic universe.




+ r2(dθ2 + sin2 θ dφ2)
]
, (2.1)
where k denotes the curvature of three dimensional spacelike hypersurfaces. k = 0,
k = +1 and k = −1 are expressed as flat, positively curved and negatively curved
hypersurfaces, respectively.




The definition of the Einstein tensor is






and Riemann tensor, Ricci tensor and Ricci scalar are also defined by
Rλµρν ≡ Γλµν, ρ − Γλµρ, ν + ΓσµνΓλσρ − ΓσµρΓλσν , (2.4)
Rµν ≡ Rλµλν , (2.5)
R ≡ gµνRµν , (2.6)




gλα (gαµ, ν + gαν, µ − gµν, α) . (2.7)
In the Einstein equations eq. (2.2) , the left hand side is the Einstein tensor Gµν which
is the geometric quantity depended on the spacetime and the right hand side Tµν is a
stress energy tensor of matter.
For the perfect fluid, the stress energy tensor is given as
Tµν = (ρ+ p)u
µuν + p δ
µ
ν , (2.8)
where ρ is energy density, p is pressure and uµ is 4-velocity of fluid. In the rest frame
of the perfect fluid, the stress energy tensor becomes
Tµν =

−ρ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p
 . (2.9)
















(ρ+ 3p) , (2.12)
where the dot means the derivative with respect to the cosmic time. From these equa-
tions we can get
ρ̇+ 3H (ρ+ p) = 0 , (2.13)
this equation can be derived from the conservation law of the stress energy tensor
Tµ0;ν = 0 . (2.14)
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2.2 Problems in the hot big bang universe
There is unnaturalness about the initial condition for the universe in the standard hot
big bang theory. The inflation was proposed as the solution for the problems in 1980s.
2.2.1 Flatness and horizon problems






and the constraint on today’s value of this parameter is given by
Ω
(0)
k = 0.000± 0.005 (95% CL) , (2.16)
with the Planck and the observation of the baryon acoustic oscillations [8].
In the radiation dominant and matter dominant eras, the expansion of the universe
is decelerating. The scale factor varies as
a ∝ tp (0 < p < 1) , (2.17)





Therefore the density parameter of spatial curvature increases as
|Ωk| ∝ t2(1−p) . (2.19)
If the universe has expanded with deceleration from the big bang to today, in the
early time the curvature of the universe was so small that the universe was extremely
flat. This unnaturalness is called as the flatness problem.
There is another problem in the big bang theory. We consider the light traveling
along the radial direction in flat spacetime. Taking ds2 = 0 in FRW metric eq. (2.1),
we obtain
cdt = a(t)dr , (2.20)
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In consequence the particle horizon which is defined as the physical distance for light
















by taking t∗ → 0 in eq. (2.22) . Here cH−1 is called as the Hubble radius and the value
of this radius in today is
cH−10 ≈ 10
28 cm . (2.24)
From eq. (2.23) we can see that the causal region become smaller and smaller
with going back in past. For example, in spite of the fact that at the time of photon
decoupling (z ' 1090) the particle horizon is much smaller than today’s size, the
photon of CMB has almost the same temperature over the large scale such as the
particle horizon size in today (≈ cH−10 ). This fact implies that the much larger region
than the particle horizon at the time when photon decoupled from electrons causally
connected. This is the horizon problem.
2.2.2 Solution for problems: accelerated expansion
Inflation is defined as the accelerated expansion phase in the very early universe, that
is,
ä > 0 . (2.25)
We consider when the scale factor grow as a ∝ tp. The density parameter for
spatial curvature is given by eq. (2.19) . Therefore in the accelerated expansion, that
is a ∝ tp (p 1) Ωk decrease very rapidly.
6
2.3 Inflaton field
We consider the scale in which the comoving length is given by 1/k. The physical
scale given by a/k is expanding very rapidly with the cosmological expansion. But the
Hubble length H−1 is proportional to a1/p, that is, it is slowly varying as compared
with the comoving length. It is possible that the region with causality at the beginning





we can get the accelerated expansion eq.(2.25) .
2.3 Inflaton field
How can we get the condition of eq.(2.26) for inflation ? We can do this by the scalar
field called inflaton.


















The stress energy tensor for scalar field is















φ̇2 − V (φ) , (2.30)
respectively. The EOM of inflaton is
φ̈+ 3Hφ̇+ V ′ = 0 , (2.31)
where










φ̇2 + V (φ)
)
, (2.33)
Ḣ = −4πGφ̇2 . (2.34)
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where we ignore the spatial curvature term k/a2 in eq. (2.33) because if inflation oc-
curred it decreases so rapidly.
From eq.(2.29) and eq.(2.30), we can see that if the potential of inflaton is dominated
relative to the kinetic energy, or in other words, the variation of φ in time is sufficiently
slow,
φ̇2  V (φ) , (2.35)
then we obtain
ρ ' −p , (2.36)
and as a result the accelerated expansion phase can be possible.
2.4 Slow-roll inflation
In the previous section we considered the behaviours of the single scalar field and the
expansion of universe. We can see that the second term of EOM of the inflaton eq. (2.31)
is the friction which is propotional to the φ̇. The coefficient of the friction is the Hubble
parameter. The cosmic expansion interrupts the scalar field varying. If the gradient
of the potential dV/dφ is sufficiently small, the scalar field is slowly varying and the
universe can grow rapidly. In this case, the acceleration of φ in the EOM eq. (2.31) is
small compared to the friction term, so that the force by the potential is balanced with
the friction by the cosmic expansion, we can derive approximately




The conditions for this approximation are given by
1
2
φ̇2  V (φ) , (2.38)
|φ̈|  3H|φ̇| , (2.39)
called as slow-roll conditions. The first of these conditions eq. (2.38) is necessary for the
universe to undergo accelerated expansion. The second condition eq. (2.39) is necessary
for scalar field to change slowly.
8
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Inflation occurs if the time derivative of the Hubble parameter Ḣ is sufficiently
small compared with H2. Then we define slow-roll parameters as



















These parameters are related with the flatness of potential. With there parameters,
the slow-roll conditions are expressed as
εV  1 , (2.44)
|ηV |  1 . (2.45)
If the slow-roll conditions are satisfied, we obtain the relations
ε ' εV , (2.46)
η ' 4εV − 2ηV . (2.47)
2.5 Curvature perturbations from inflation
If there are some fluctuations before inflation, they disappears during inflationary ex-
pansion. Therefore the remaining fluctuations in the universe today were generated
from quantum fluctuations in inflation [11, 12, 13, 14, 15, 16].
2.5.1 Quadratic action for curvature perturbations
We calculate the quadratic action for curvature perturbation in a comoving gauge. In
this gauge, the fluctuation of the inflaton field is set to zero: δφ = 0.
With the ADM metric
ds2 = −N2dt2 + γij(dyi +N idt)(dyj +N jdt) . (2.48)
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we consider the perturbation as follows
N = 1 + δN , Ni = ∂iχ , γij = a
2(t)e2ζδij , (2.49)
where the δN, χ, ζ are scalar perturbations. We substitute these into the action eq. (2.27)





−a3(3− ε)H2δN2 + (−2aH∂2χ− 2a∂2ζ + 6a3Hζ̇)δN
+2a∂2χζ̇ − 3a3ζ̇2 + a(∂ζ)2
]
. (2.50)








+ εa2ζ̇ . (2.52)
Inserting these constraints back into the action and doing integration by parts, we get





















We define the Mukhanov-Sasaki variable
v ≡ zζ , (2.55)
where




= 2a2ε . (2.57)
Changing the cosmic time to the conformal time, defined by dτ ≡ dt/a, and using the














2.5 Curvature perturbations from inflation
where the prime denotes here the derivative with respect to the conformal time. We






By varying this action eq. (2.58), we can get the so-called Mukhanov-Sasaki equation
v′′ −∆v − z
′′
z
v = 0 . (2.60)














To analyze the behaviour of modes, here we consider the de-Sitter expansion for
example
a(τ) = − 1
Hτ
, (2.63)













2vk = 0 , (2.66)







For modes with the wavelength much longer than the horizon, taking the long wave-
length limit such as
k
aH





vk = 0 . (2.69)
The solutions of this equation are given by
z(τ) , z(τ)
∫ τ dτ ′
z2(τ ′)
, (2.70)
where the first is a solution for growing modes and the second is for decaying modes.
The solution for growing modes gives
vk ∝ z (2.71)
∝ τ−1 . (2.72)








We can get the general solution of eq. (2.61) as
vk ≡ akvk(τ) + a†−kv
∗
k(τ) , (2.75)
where the vk and the complex conjugate v
∗
k are the linearly independent solutions and
ak and a
†
−k are the constants. The Wronskian of the mode functions given by
W [vk, v
∗
k] ≡ vkv∗′k − v′kv∗k , (2.76)




k] = i . (2.77)
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Next we quantize the scalar field. The action of eq. (2.58) can be seen for the scalar
field in flat spacetime except for the time-dependent mass term. Firstly, we derive the




= v′(τ,x) . (2.79)
Next we promote the field v and the momentum π to operators v̂ and π̂, and impose
the commutation relations
[v̂(τ,x), v̂(τ,y)] = [π̂(τ,x), π̂(τ,y)] = 0 , (2.80)
[v̂(τ,x), π̂(τ,y)] = iδ(x− y) . (2.81)
In eq. (2.78) , we promote ak and a
†















The Wronskian condition eq. (2.77) ensures that the relations of eqs. (2.80) and (2.81)














= 0 . (2.84)
We can regard â†k and âk as the creation and annihilation operators, respectively. We
define the vacuum state |0〉 with the annihilation operators by
âk|0〉 = 0 . (2.85)
We define the power spectrum with this vacuum state as
〈0|v̂k v̂k′ |0〉 ≡ Pv(k)δ(k + k′) . (2.86)




















where α and β are arbitrary constants. We can choose the positive frequency mode in







































2.5.3 Curvature perturbations from slow-roll inflation
At the last of the previous subsection, we get the power spectrum of the curvature
perturbations eq. (2.92) in the de-Sitter background. Here we consider the power
spectrum from slow-roll inflation. First we show an example with the previous results
and next we analyze the power spectrum with slow-roll approximation.
Firstly we consider the simple example in the quasi de-Sitter background. The
difference from the exact de-Sitter expansion is characterized by the slow-roll parameter












2.5 Curvature perturbations from inflation
The curvature perturbation ζ freezes out at the horizon crossing k = aH. Therefore























We define the spectral index as




In the exact de-Sitter background, the spectral index ns = 1, that is, power spectrum
is independent of wave number k and we call this as scale invariant spectrum.
Next we analyze the mode functions under the slow-roll approximation. To begin
with we show the slow-roll parameters ε and η again and define new one ξ as
ε ≡ − Ḣ
H2
, η ≡ ε̇
Hε
, ξ ≡ η̇
Hη
. (2.98)







vk = 0 , (2.99)

























These two equations are the exact relation without slow-roll approximation. Here we







and we can see this Hubble parameter has the relation as
H = aH . (2.103)
The derivative with respect to conformal time related with the derivative with respect







Then we can obtain the exact relation
d(H−1)
dτ
= −(1− ε) . (2.105)
At the first order in slow-roll parameters, we can obtain
H ' −1 + ε
τ
, (2.106)


































vk = 0 , (2.110)













2.5 Curvature perturbations from inflation








H(1)∗ν (x) = H
(2)
ν (x) , (2.113)





























With these asymptotic forms and the initial condition for mode functions eq. (2.88),










, β = 0 . (2.116)







−kτH(1)ν (−kτ) . (2.117)










Therefore the asymptotic behaviour of the mode function eq. (2.117) in the superhorizon













Pζ ∼ k3−2ν , (2.120)
at the first order in slow-roll approximation. Finally we define the spectral index of
scalar perturbations ns by
Pζ(k) ∝ kns−1 . (2.121)
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If ns = 1, the spectrum is said to be scale invariant. From eq. (2.109) and (2.120), we
can see
ns − 1 = 3− 2ν , (2.122)
= −2ε− η . (2.123)
In the exact de-Sitter expansion the spectrum is scale invariant.
2.6 Non-gaussianity
We consider the bispectrum defined by
〈ζk1ζk2ζk3〉 ≡ (2π)3δ (k1 + k2 + k3)Bζ(k1, k2, k3) , (2.124)
where we use the Fourier modes as 1
ζk =
∫
d3x e−ik·xζ(x) . (2.125)
We define the so-called fNL paremeter by
Bζ(k1, k2, k3) ≡
6
5
fNL(k1, k2, k3) [Pζ(k1)Pζ(k2) + Pζ(k2)Pζ(k3) + Pζ(k3)Pζ(k1)] .
(2.126)
where the power spectrum Pζ is defined by
〈0|ζk1ζk2 |0〉 = Pζ(k1)(2π)3δ(k1 + k2) . (2.127)
If Bζ = 0, the fluctuations are gaussian. If Bζ 6= 0, there is deviation in the fluctuations
and it is called non-gaussianity [14, 17, 18, 19, 20].
2.6.1 In-in formalism
Here we give a short review about the in-in formalism to calculate the primordial non-
gaussianity.
1In this subsection the definition of the Fourier mode is different from other section. Pζ in this




We start with the Lagrangian
S =
∫
d4xL(φa(x, t), φ̇a(x, t)) (2.128)
=
∫
dt L , (2.129)





We can get the Hamiltonian of this system as
H[φa(t), πa(t)] =
∫
d3xφ̇aπa − L . (2.131)
We impose the equal time commutation relations as
[φa(x, t), πb(y, t)] = iδabδ(x− y) , (2.132)
[φa(x, t), φb(y, t)] = [πa(x, t), πb(y, t)] = 0 . (2.133)
The Heisenberg EOMs are given by
φ̇a(x, t) = i [H[φ(t), π(t)], φa(x, t)] , (2.134)
π̇a(x, t) = i [H[φ(t), π(t)], πa(x, t)] . (2.135)
Next we consider the backgrounds, φ̄a(x, t) and π̄a(x, t) and the perturbations,
δφa(x, t) and δπa(x, t), as
φa(x, t) = φ̄a(x, t) + δφa(x, t) , (2.136)
πa(x, t) = π̄a(x, t) + δπa(x, t) . (2.137)









where H is the Hamiltonian density given by
H[φ(t), π(t)] ≡
∫
d3xH[φa(x, t), πa(x, t)] . (2.140)
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The commutation relations become
[δφa(x, t), δπb(y, t)] = iδabδ(x− y) , (2.141)
[δφa(x, t), δφb(y, t)] = [δπa(x, t), δπb(y, t)] = 0 . (2.142)
We can expand the Hamiltonian as















δπa(x, t) + H̃[δφ(t), δπ(t); t]
(2.143)
where H̃[δφ(t), δπ(t); t] denotes terms of quadratic and higher orders in perturbations.
EOMs become
δφ̇a(x, t) = i
[
H̃[δφ(t), δπ(t); t], δφa(x, t)
]
, (2.144)
δπ̇a(x, t) = i
[
H̃[δφ(t), δπ(t); t], δπa(x, t)
]
. (2.145)
The solutions for these EOMs are given by
δφa(x, t) = U
−1(t, t0)δφa(x, t0)U(t, t0) , (2.146)
δπa(x, t) = U
−1(t, t0)δπa(x, t0)U(t, t0) , (2.147)
where the unitary operator U(t, t0) satisfies
d
dt
U(t, t0) = −iH̃[δφ(t), δπ(t); t]U(t, t0) , (2.148)
with the initial condition
U(t0, t0) = 1 . (2.149)
We divide H̃ into a free-field Hamiltonian H0 and an interaction Hamiltonian Hint
as
H̃ = H0 +Hint . (2.150)
In the interaction picture
δφ̇Ia(x, t) = i
[
H0[δφ
I(t), δπI(t); t], δφIa(x, t)
]
, (2.151)
δπ̇Ia(x, t) = i
[
H0[δφ





where we added a superscript I as a label of interaction picture fields, and the solutions
are given by
δφ̇Ia(x, t) = U
−1
0 (t, t0)δφa(x, t0)U0(t, t0) , (2.153)
δπ̇Ia(x, t) = U
−1




U0(t, t0) = −iH0[δφ(t0), δπ(t0); t]U0(t, t0) (2.155)
with the initial condition
U0(t0, t0) = 1 . (2.156)
We consider the expectation value of an operator Q
〈Ω|Q[δφa(x, t), δπa(x, t)]|Ω〉
= 〈Ω|U−1(t, t0)Q[δφa(x, t), δπa(x, t)]U(t, t0)|Ω〉
= 〈Ω|F−1(t, t0)U−10 (t, t0)Q[δφa(x, t), δπa(x, t)]U0(t, t0)F (t, t0)|Ω〉
= 〈Ω|F−1(t, t0)Q[δφIa(x, t), δπIa(x, t)]F (t, t0)|Ω〉 , (2.157)
where




F (t, t0) = −iU−10 Hint[δφ(t0), δπ(t0); t]U0U
−1
0 U
≡ −iHIint[δφI(t0), δπI(t0); t]F (t, t0) , (2.159)
where we write
HIint[δφI(t0), δπI(t0); t] = U
−1
0 (t, t0)Hint[δφ(t0), δπ(t0); t]U0(t, t0) , (2.160)
and with
F (t0, t0) = 1 . (2.161)
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We can get the solution








Here T denotes the time ordering.
Finally, we get the expectation value of any operators as
〈Q〉 = 〈U−1(t, t0)Q(t0)U(t, t0)〉
= 〈U−1(t, t0)U0(t, t0)QI(t)U−10 (t, t0)U(t, t0)〉























where T̄ denotes anti-time ordering. In the second line we use QI(t) defined as
Q(t0) = U0(t, t0)Q
I(t)U−10 (t, t0) . (2.164)
2.7 Primordial tensor perturbations
In this section we review the gravitational waves from inflation [13, 15, 16, 21].








where κ = 8πG . We consider the tensor perturbations as
ds2 = a2(τ)
[
−dτ2 + (δij + hij) dxidxj
]
. (2.166)
We impose the gauge conditions to tensor perturbations
hii = 0, ∂
jhij = 0 . (2.167)
















a(τ)hij(τ,x ) , (2.169)
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This form of action can be seen as two scalar fields with mass a′′/a on the flat spacetime.
Therefore to quantize the tensor perturbations we can use the analogy of quantization




uij = 0 . (2.171)











where the polarization tensor has the properties
eλij(k)e
ij∗





i (k) = 0 .




and we impose the commutation relation as
[uij(τ,x), π
ij(τ,y)] = iδ(x− y) . (2.174)















= −i , (2.176)










= δλσδ(k − l ) . (2.178)
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We define the vacuum with the annihilation operators by
âλk|0〉 = 0 . (2.179)
















uk = 0 , (2.181)













{C1[kτ cos(kτ)− sin(kτ)] + C2[kτ sin(kτ) + cos(kτ)]} , (2.183)
where C1, C2 are the arbitrary constants. To set these constants we consider the limit








Consequently the power spectrum of tensor perturbations are in super-horizon scale
given by




and we get the scale invariant spectrum.
If the inflation is the de-Sitter expansion, we can see that the power spectrum of
gravitational waves from inflation in Einstein’s general relativity is independent of the
scale, and the amplitude is set by the Hubble parameter during inflation.
In slow-roll inflation the Hubble parameter changes slowly in time. The power
spectrum of tensor perturbations in slow-roll inflation can be calculated by the same
procedure for the curvature perturbations.













+ ε . (2.187)
Comparing these equations with eq. (2.109) and (2.110), we find that they are very
similar. We can evaluate the power spectrum of tensor perturbations by using the













= −2ε . (2.190)




In the first order in slow-roll approximation we get
r = 16ε , (2.192)
and we find the relation
r = −8nT . (2.193)
This is the consistency relation. In the inflation caused by the potential of the single
scalar field which has the canonical kinetic term, this relation usually holds.
2.8 K-inflation
In this section we consider the inflation caused by the kinetic terms of scalar field. The












The standard inflation models caused by the potential of scalar field can be described
in this Lagrangian as follows
P = X − V (φ) . (2.196)
We can consider P (φ,X) as pressure. By varying the action with respect to the
metric gµν , we get the stress energy tensor as
Tµν = (ρ+ P )u








and the energy density ρ is given by














we can derive the EOM of backgrounds by varying the action, S = SEH + Sφ, with
respect to the metric,
3κ−1H2 = 2XP,X − P , (2.202)
κ−1Ḣ = −XP,X , (2.203)
and the EOM for scalar field is given by

























= 0 , (2.208)








We can define the slow-roll parameter by






If the condition, XP,X  P , is satisfied, the equation of state becomes P ≈ −ρ,
therefore we get the inflationary expansion [22].











If we assume the variation of cs is slow, that is
ċs
Hcs
 1 , (2.212)
we can carry on the quantization of ζ and solve as



















In the K-inflation, the behaviours of the tensor perturbations is the same with those
in the standard Einstein gravity which is written in the previous section. The power
spectrum of tensor perturbations is given by eq. (2.188) and the tensor to scalar ratio
is given by eq. (2.191) . The tensor to scalar ratio in K-inflation is given by
r ≡ PT
Pζ
= 16csε , (2.216)
therefore the consistency relation eq. (2.193) changes into




Here we review the ADM formalism proposed by Arnowitt, Deser and Misner [23, 24] .
3.1 3+1 decomposition
3.1.1 The quantities on the hypersurface
We consider the curvature of three dimensionnal hypersurface Σ embedded in the four
dimensional spacetimeM. The coordinates and metric onM are defined by xµ and gµν
respectively. The coordinates and metric on Σ are defined by yi and γij respectively.
We define the unit normal vector of Σ as nµ
ε ≡ nµ nµ . (3.1)
If nµ is timelike vector, ε = −1 and if nµ is spacelike, ε = +1. We set the coordinates
xα related with the coordinates yi on Σ by
xα = xα(yi) . (3.2)





The displacements in Σ are






















is the induced metric of the hypersurface. We also have the relation
gαβ = γijeαi e
β
j + ε n
αnβ . (3.6)
We consider arbitrary tensor fields Aαβ··· defined on Σ which are tangent to the
hypersurface. We can decompose them as
Aαβ··· = Aij···eαi e
β
j · · · . (3.7)
We also define the covariant derivative on the hypersurface Σ as




Aa|b = Aa,b − ΓcabAc , (3.9)
where
Γabc ≡ γalΓlbc , (3.10)
and









(γca,b + γcb,a − γab,c) . (3.12)
The Riemann tensor defined by this connection
Rabcd = Γ
a
bd,c − Γabc,d + ΓalcΓlbd − ΓaldΓlbc , (3.13)
gives the intrinsic curvature of hypersurface.
On the one hand, the curvature of hypersurface to four dimensional spacetime is
defined by
Kab ≡ nα;β eαae
β
b . (3.14)
This Kab is called as the extrinsic curvature of the hypersurface Σ. The extrinsic
curvature is symmetric:

















c = Kab|c −Kac|b . (3.17)
We can see that some components of Riemann tensor of the four dimensional spacetime
is related with the intrinsic curvature and the extrinsic curvature of the hypersurface.
We can express the four dimensional Ricci scalar by the tensors on the hypersurface
Σ with the Gauss-Codazzi eqations











3.1.3 Decomposition of spacetime
We decompose four dimensional spacetime to the foliation of spacelike hypersurfaces
as follows: each hypersurfaces are foliated by the time t, the scalar t is a function of xα
and nα ∝ ∂αt, the unit normal vector to the hypersurfaces, is a future-directed timelike
vector , that is,
nµnµ = ε = −1 . (3.19)
We employ the coordinates ya on the spacelike hypersurfaces Σt. Now we consider
the curves γ which intersect the spacelike hypersurface Σt but not generally orthogo-
nally. We use the scalar t as a parameter on these curves, and the vector tα is tangent
to the curves.
The coordinates xα on the four dimensional spacetime is related by
xα = xα(t, ya) , (3.20)


















Next we define the unit normal vector to the spacelike hypersurface Σt by
nα = −N∂αt , (3.23)
where the scalar function N is called as the lapse function. By definition
nαe
α
a = 0 . (3.24)
We can decompose the vector tα to the direction of normal and tangent vectors as like
tα = Nnα +Naeαa , (3.25)
where the three vector Na is called the shift.
We can write
dxα = tαdt+ eαady
a
= Ndt nα + (dya +Nadt)eαa , (3.26)
and we have the metric
ds2 = −N2dt2 + γij(dyi +N idt)(dyj +N jdt) . (3.27)
The variables in this system are γij , N and N
i.
3.2 Gravitational Hamiltonian






















where ∂V is the boundary of integration. When carrying out the variation, we make











γ d4x . (3.29)
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Next we consider the dependency of this action with respect to the variables.
γ̇ab ≡ £t γab , (3.30)





















= 2NKab +Na|b +Nb|a , (3.31)
where we denote Na eαa as N








The time derivative of the metric γ̇ab is contained only in the extrinsic curvature Kab .
Furthermore Na|b is the spatial derivative of Na so the time derivative of N and N
a
are not contained in the Kab and the gravitational action. N and N
α are the gauge
variables.























The Hamiltonian density is given by
16πGH = 16πG
(





















|j Ni . (3.35)














2 −KijKij , (3.37)
Ci =
(











changing the scalar sector in
quadratic curvature gravity
The organization of this chapter is as follows. We determine the two possible quadratic
curvature terms satisfying our requirement in the first section. In Sec. 4.2 we evaluate
a modified amplitude and the tilt of primordial tensor modes, and then present the
implications for observations.
4.1 Construction of the Lagrangian
The theory we consider is described by the action
S = SEH + Sφ + Shigher, (4.1)













−gP (φ, ∂µφ∂µφ), (4.3)
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RµνρσRµνρσ + · · ·
)
. (4.4)
The simplest Lagrangian for the inflaton field would be of the form P = −∂µφ∂µφ/2−
V (φ), but here we do not need to specify the concrete form of P .
It is known that typical higher curvature terms like the one presented in Eq. (4.4)
give rise to new propagating degrees of freedom which are plagued by (ghost) insta-
bilities [25]. In this chapter, we carefully construct higher curvature terms so that the
resultant theory is free from such dangerous degrees of freedom. Among such healthy
theories we are interested in those in which the dynamics of tensor perturbations is
modified while the scalar sector of cosmological perturbations is left unchanged. To
find the higher curvature terms having those properties, we have to go beyond the
familiar curvature invariants such as RµνρσRµνρσ and RµνRµν , and consider the terms





and the induced metric,









. This possibility was demonstrated in the context
of Weyl gravity in Ref. [26].
Focusing on quadratic curvature corrections, we are going to identify the terms
in the Lagrangian fulfilling the above requirements in the following way. The basic
idea here is along the same line as taken in Refs. [27, 28]. We start by performing
the Arnowitt-Deser-Misner (ADM) decomposition, taking constant φ hypersurfaces as
constant time hypersurfaces, as the dynamics of cosmological perturbations is more
transparent in the ADM language. The metric is written in terms of the ADM variables
as







The possible quadratic curvature terms in the Lagrangian are exhaustively written in





ijK2, · · · , R2, RijRij ,




4.1 Construction of the Lagrangian
where Kij and Rij are the extrinsic and intrinsic curvature tensors of the constant
φ hypersurfaces, respectively, Di stands for the covariant derivative with respect to
γij , and ellipses are used to indicate analogous terms whose indices are contracted
in different ways. We discard from the above candidates the terms containing time
derivatives of the extrinsic curvature, because higher time derivatives of the metric
imply the appearance of additional propagating degrees of freedom other than φ and
two tensor modes, signaling instabilities.1
Let us consider cosmological perturbations,







where ζ is the curvature perturbation on the uniform φ hypersurfaces, hij is the trans-
verse and traceless tensor perturbation, and χi is the transverse vector perturbation.
Let us concentrate on the scalar sector for the moment. To first order in perturbations,
the extrinsic curvature is given by









δK = −3HδN + 3ζ̇ − 1
a2
∂2χ, (4.11)











and the intrinsic curvature is









The perturbation of the extrinsic curvature tensor has been decomposed into its trace
and traceless parts. Using those quantities as building blocks, one can construct the
following two combinations of the form listed in Eq. (4.8) for which the scalar-type
variables are canceled out after integration by parts,
2∂iδK̃jk∂
iδK̃jk − 3∂iδK̃ik∂jδK̃jk, (4.14)
1If one has only K̇ the theory is not necessarily unstable, as is illustrated by the example of the R2
model. This however adds an extra scalar degree of freedom modifying the scalar sector of cosmological
perturbations. For this reason we avoid any time derivatives of Kij .
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at quadratic order in perturbations. No other combinations can be found with vanishing
scalar-type variables. Now including vector and tensor perturbations we have
2∂iδK̃jk∂























Both of the two possible quadratic terms for hij with four derivatives are obtained,
while we successfully exclude ḧ2ij which would cause Ostrogradski ghosts. Since there
is no kinetic term for χi here and in SEH, the vector perturbation is not dynamical.
We therefore ignore the vector sector in this chapter.
Having thus written the quadratic Lagrangian for perturbations in terms of the
geometric quantities, it is almost straightforward to determine the full nonlinear La-





















where K̃ij := Kij− (1/3)Kγij is the traceless part of the extrinsic curvature. Note that
L′1 is one of the candidates; in fact, we have different choices that reduce to Eq. (4.14)
after integration by parts at the level of the quadratic Lagrangian for perturbations.







iK̃jk −DiK̃ikDjK̃jk − 2DiK̃jkDjK̃ik
)
(4.20)













4.2 The tensor amplitude
It is clear that the scalar perturbations do not participate in Wijk at first order. This
means that L1 does not modify the scalar sector both at quadratic and cubic order.
In other words, the prediction for non-Gaussianity of the curvature perturbation, as
well as that for the power spectrum, remains the same in the presence of L1. This is
however not the case for L′1 and L2.
The covariant form of the Lagrangian can be recovered by writing the extrinsic
curvature as Kµν = γ
ρ
































where Cµνρσ is the Weyl tensor. Thus, it turns out that L1 reproduces the theory stud-
ied in Ref. [26]. One can repeat the same procedure also for L2 to derive its covariant
form. However, the covariant expression for L2 is messy and not so illuminating, so
that in this case it is better to work in the simpler ADM form. It is worth noting
that the covariant expression for L2 is also constructed by contracting the Riemann
curvature tensor with uµ and hence it is Lorentz violating in the same sense that L1 is.
In L1 and L2 in the ADM form one may consider time-dependent M . This translates
to the φ-dependent coupling in the covariant language. However, since φ is slowly
rolling, it is reasonable to assume that M is only weakly time dependent. For simplicity
we treat M as constant in the following.
4.2 The tensor amplitude
In the previous section we have identified the two possible quadratic curvature terms
that make no contribution to the scalar sector of cosmological perturbations at least at
linear order. Let us now investigate how the amplitude of primordial tensor modes is
modified due to those terms. For clarity we study each term separately below. Actually,
we will find that a sizable modification from L2 is prohibited because L2 also produces
large non-Gaussianity.
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Each Fourier mode of two polarization states, hλk(t) (λ = +,×), obeys a second-order













and omit λ when unnecessary. We then have
f̈k + ω
2



























for the short wavelength modes with k2/a2  H2,M2. In the short wavelength limit,










From this we see that during inflation the tensor perturbations are stable if
H < M. (4.33)
We assume that the background evolution, which is controlled by the inflaton sector








4.2 The tensor amplitude
where ε := −Ḣ/H2  1 is the slow-roll parameter, the WKB approximation is justified
as long as H is not too close to M .










so that the standard result is recovered on superhorizon scales, hk ' const.





In general, Eq. (4.29) cannot be solved analytically, and hence one needs numerical
calculations to evaluate the power spectrum. However, in the special case of the exact
de Sitter background one can solve Eq. (4.29) analytically using the hypergeometric












x−2 − 1. Based on this, one may expect that in the case where H is varying








as is commonly done in general relativity.
We numerically solved Eq. (4.29) in the case of power-law inflation, a ∝ tp, using
the initial condition (4.31), and verified that Eq. (4.39) reproduces the numerical results
very accurately, as shown in Fig. 4.1. We are thus allowed to use the formula (4.39) for
slow-roll inflation.
The behavior of the function Ξ1(x) is as follows: Ξ1 → 1 as x→ 0, and Ξ1 < 1 for
0 < x . 0.95. Thus, the tensor amplitude is suppressed for H . 0.95M . The minimum
of Ξ1 is given by Ξ1 ' 0.65, which occurs at x ' 0.74, and Ξ1 diverges as x→ 1.
Since the power spectrum of the curvature perturbation remains unchanged in our
theory, the tensor-to-scalar ratio is given by
r = 16εΞ1. (4.40)
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Figure 4.1: The power spectrum PT of tensor modes from power-law inflation with the
correction from L1. The upper line and points are for a ∝ t50 and the lower for a ∝ t400,
respectively. Red points represent the numerical results, while the dashed line indicates
the analytic estimate (4.39). The parameters for the upper line and points are given by
√
κH|tend = 10−4 and H/M |tend = 0.16, where tend is the time at the end of inflation. The
parameters for the lower ones are given by
√
κH|tend = 10−4 and H/M |tend = 0.74.













We see that d ln Ξ1/d lnx < 0 for 0 < x . 0.74 and its minimum value is given by
d ln Ξ1/d lnx ' −0.46 at x ' 0.53. This shows that the tensor spectrum is always red.
From Eqs. (4.40)–(4.41) it is clear that the consistency relation [11] is violated.
The deviation from the standard consistency relation is characterized by the following
function,





as −8nT /r ' D|k=aH . In Fig. 4.2, we plot D as a function of H/M . We see that the
violation depends on the scale k, and Fig. 4.2 tells us its scale dependence.
Figure 4.3 illustrates the observational implications of the L1 correction by compar-
ing the suppressed tensor amplitude with the Planck results. The red stars in the figure
indicate the case of power-law inflation, assuming the maximal suppression (Ξ1 = 0.65)
at the observed scale. Although original power-law inflation (represented by the dashed
line) is ruled out by observations, it can be within the 2σ contour with the help of L1.
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Figure 4.2: D as a function of H/M .
The same applies to other inflation models such as V ∝ φ2. Those models originally
predict large tensor modes, but the L1 correction can bring such models to the obser-
vationally preferred region in the ns-r plane.
4.2.2 L2






Here we added a minus sign so that the tensor perturbations are stable at high momenta.

















Using the conformal time defined by dη = dt/a and the canonically normalized variable
vλk := (4κ)
−1/2ahλk in the Fourier space, we obtain
d2vk
dη2











This modified dispersion relation has been studied in detail in the literature [29, 30].
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Figure 4.3: Reduced tensor amplitude and the Planck results [7] in the ns-r plane. Red
stars correspond to power-law inflation with the L1 correction, assuming the maximal













may be used for the short wavelength modes, because ω−2k dωk/dη  1 is always satisfied
at large k.
In the case of exact de Sitter inflation for which the scale factor is given by a =
1/H(−η), Eq. (4.45) can be solved analytically. The solution that matches Eq. (4.47)

















eπ/(4x)x3/2 |Γ(5/4 + i/(4x))|2
]−1
. (4.50)
In the case of slow-roll inflation, one may evaluate the de Sitter result (4.49) at horizon
crossing, k = aH. This can also be justified by a numerical calculation.
One sees that Ξ2 is a monotonically decreasing function and Ξ2 → 1 as x → 0.
Therefore, also in this case the tensor amplitude is suppressed relative to the standard
result. Since Ξ2 ∝ x−3/2 for x  1, the tensor amplitude could potentially be sup-
pressed to a very small level. However, as we see below, this possibility is hindered by
the generation of large non-Gaussianity.
In contrast to the case of L1, the cubic action for the curvature perturbation is
affected by L2. This implies that M must be sufficiently large in order to avoid large





The non-Gaussianity generated by this term is estimated as follows, from the power


















We expand the curvature perturbations as




We impose the commutation relations as
[a(k), a†(k′)] = (2π)3δ(k − k′) , (4.55)
and we define the vacuum as
a(k)|0〉 = 0 . (4.56)
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× q22 q23 ζ̃(q1, τ) ζ̃(q2, τ) ζ̃(q3, τ) + sym.
(4.57)
We can calculate the 3 point correlations with in-in formalism as follows
























As a consequence, we can get













































3(k1 + k2 + k3)
4 , (4.61)










4.2 The tensor amplitude
Requiring that fNL . 1, we have
H
M
. ε1/2  1. (4.64)
Therefore, in fact the suppression factor Ξ2 cannot be much smaller than 1. We con-
clude that the second Lagrangian L2 does not provide an efficient way of suppressing
the tensor amplitude.
One may consider a combination of the two Lagrangians, aL1 + bL2. Obviously,
this does not change the quadratic Lagrangian for the scalar perturbations, and to
avoid large non-Gaussianities we must require b 1. Therefore, to suppress the tensor
amplitude most effectively, essentially one can only use L1.
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In this thesis, we have studied inflationary predictions of theories with quadratic cur-
vature corrections. We began by looking for ghost-free quadratic curvature terms that
retain the same quadratic action for the curvature perturbation as in general relativity
while modifying the dynamics of tensor perturbations. We have shown that such cur-
vature terms can indeed be constructed, and determined the two possible combinations
(denoted by L1 and L2). This was done by using the ADM formalism, and recast in
a covariant form those corrections contain the curvature tensors contracted with the
unit normal uµ to hypersurfaces on which the inflaton is homogeneous. It has turned
out that one of the two terms, L1, is in fact identical to the one introduced in so-called
Lorentz-violating Weyl gravity [26]. This term does not change the action of the cur-
vature perturbation even at cubic order. The other term, L2, in contrast, modifies the
scalar sector at cubic order.
We have investigated the tensor amplitude in the presence of the quadratic curva-
ture corrections L1 and L2. The analytic results were known only for exact de Sitter
inflation, and we have used the de Sitter formulas evaluated at horizon crossing in the
case of slow-roll inflation for which the Hubble parameter is varying. The validity of
the method has been checked by performing numerical calculations. Both L1 and L2
reduce the amplitude of primordial tensor perturbations. However, we have found that
L2 could generate large non-Gaussianity of the curvature perturbation, which places
a stringent constraint on the amount of the suppression due to L2. Since L1 does
not change the cubic interaction of the curvature perturbation, this evades the non-
Gaussianity constraint. The tensor power spectrum can be as small as 65% of the
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standard result due to L1, which brings many inflation models with large tensor modes
to the observationally preferred region in the ns-r plane. We have seen that the tensor
tilt is also modified, though the spectrum can never be blue.
We will next consider the higher order curvature corrections than quadratic. With
these corrections terms, the theory will become more complex and have much more
variations. We can relate our theory with others which contain higher order terms
of curvature invariants. For example, Hořava-Lifshitz theory [32], ghost condensation









A.1.1 Perturbations in FRW spacetime
Here we review the cosmological perturbation theory[35, 36, 37, 38, 39]. We consider
cosmological perturbations on the homogeneous and isotropic background.
gµν = ḡµν + δgµν , (A.2)
where ḡµν is a metric of background and δgµν denotes a perturbed metric.










is a conformal time and γ̄ij is the 3 dimensional metric for homogeneous and isotropic
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we can express the homogeneous and isotropic space as
γ̄ijdx
idxj = dx2 + S 2k (χ)
(






sinhχ (k = −1)
χ (k = 0) .
sinχ (k = 1)
(A.8)
We define the new variables as
δg00 = −2a2A, δg0i = −a2Bi, δgij = 2a2Cij , (A.9)
where A,Bi, Cij are perturbations and we use 3-metric γ̄ij to raise and lower indices.
Then, we get the metric
ds2 = a2(τ)
[
−(1 + 2A)dτ2 − 2Bidτdxi + (γ̄ij + 2Cij)dxidxj
]
. (A.10)
We concentrate on linear part of perturbations.
We can derive the connections as




= A|i −HBi , (A.12)
Γ0ij = H(1− 2A)γ̄ij +
1
2
(Bi|j +Bj|i) + 2HCij + Cij ′ , (A.13)
Γi00 = A
|i −Bi′ −HBi , (A.14)




|i −Bi|j) + Cij ′ , (A.15)
Γijk =








γ̄il (∂j γ̄kl + ∂kγ̄jl − ∂lγ̄jk) , (A.17)
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= aH . (A.18)
The curvature tensor on three dimensional space is given by
Rijkl = k (γ̄ikγ̄jl − γ̄ilγ̄jk) . (A.19)
Next we calculate the Riemann tensor.
R000i = −H′Bi , (A.20)
R00ij = 0 , (A.21)







′ +HB(i|j) + Cij ′′ +HCij ′ + 2H′Cij , (A.23)







(Bk|ij −Bj|ik) + (Cik|j)′ − (Cij|k)′ , (A.24)












H(Bj |i +Bi|j) + (Cij)′′ +H(Cij)′ , (A.25)












|j −Bj |i|k) + (Cik|j)′ − (Cij|k)′ , (A.26)




























+ 2H2(δikCjl − δilCjk) +H(δikCjl − δilCjk + γ̄jlCik − γ̄jkCil )′








|l − Cjl|i|k (A.28)
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Ricci tensor is given by
R00 = −3H′ + ∆A+ 3HA′ − (Bi|i)
′ −HBi|i − (C
i
i )
′′ −H(Cii )′ , (A.29)
R0i = 2HA|i −
(
















2k + (H′ + 2H2)(1− 2A)−HA′
]
γ̄ij −A|ij + (B(i|j))′
+ 2HB(i|j) +Hγ̄ijBk|k + 2(2H
2 +H′)Cij + (Cij)′′
+ 2H(Cij)′ +Hγ̄ij(Ckk )′ + 2Ck(i|j)k − C
k





3H′(1− 2A)−∆A− 3HA′ + (Bi|i)




























































































where ∆ is a three dimensional Laplacian, that is, ∆A = A
|i
|i .




3k + 3(H′ +H2)(1− 2A)−∆A− 3HA′ + (Bi|i)
′ + 3HBi|i
+(Cii )




A.1 Linear perturbations in Einstein equations
We can calculate the Einstein tensor with the above metric up to linear order.
G00 = −a−2
[
3k + 3H2(1− 2A) + 2HBi|i + 2H(Cii)′







































k + (2H′ +H2)(1− 2A)− 2HA′ −∆A+ (Bk |k)′ + 2HBk |k
+(Cij)









|i)′ +H(Bi|j +Bj |i) + (Cij)′′
+2H(Cij)′ − 4kCij + Cki|jk + Ckj |i|k − Ckk |i|j −∆Cij
]
(A.40)
A.1.2 Perturbations in stress energy tensor
We consider perturbations about stress energy tensor. The general form of stress energy
tensor in the curved spacetime is






where the uµ is the four velocity of the fluid and σµν is an anisotropic stress tensor. An
anisotropic stress tensor is defined as the symmetric traceless tensor which has only
spatial components at the rest frame of fluid, that is,
σµνuν = 0 , gµνσ
µν = 0 , σµν = σνµ . (A.42)
The four velocity satisfies the normalization condition uµuµ = −1, so the degrees





Because of isotropy, the four velocity on the background contains only the time com-
ponent. Therefore vi is zero on the background, and it is perturbation. From the






uµ = a(−1−A, vi −Bi) . (A.45)
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From the same reason, an anisotropic stress tensor is also the perturbation. We can
get in linear perturbations
σ00 = σ0i = σi0 = 0 , γ̄ijσ





0 = 0 , σ
i
i = 0 . (A.47)
In linear perturbation the stress energy tensor is given as
T 00 = −ρ , (A.48)
T 0i = (ρ+ p)(vi −Bi) , (A.49)
T i0 = −(ρ+ p)vi , (A.50)










δp = p− p̄ , (A.53)
respectively. We also define the dimensionless variable with anisotropic stress tensor





This is the traceless symmetric tensor and perturbation. With equations derived this
subsection we can obtain
T 00 = −ρ̄− ρ̄δ , (A.55)
T 0i = (ρ̄+ p̄)(vi −Bi) , (A.56)
T i0 = −(ρ̄+ p̄)vi , (A.57)







We consider the equation of state as
p = p(ρ, S) , (A.59)
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A.1 Linear perturbations in Einstein equations
here S is the entropy of matter per comoving volume. We can describe the perturbation




































We define the 3-momentum density as
δqi ≡ (ρ̄+ p̄)avi . (A.63)
A.1.3 Expansion of Einstein equations in linear perturbation theory




For instance, the component of (0i) is derived as






Bj |ij + C
j
[i|j]
′ = −4πGa2(ρ̄+ p̄)(vi −Bi) . (A.65)
We can also calculate other components straightforwardly.
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A.2 Gauge transformation and decomposition into scalar,
vector and tensor
A.2.1 Gauge transformation
We consider the infinitesimal coordinate transformation as
xµ → x̃µ = xµ + ξµ , (A.66)
where we suppose that ξµ is as small as the metric perturbation. Under this transfor-








g̃µν(x) = gµν(x)− gµα(x)ξα,ν − gνα(x)ξα,µ − gµν,α(x)ξα , (A.68)
in linear order in perturbations and ξ. With the transformation of the metric and
considering ξµ = (T, Li), we can calculate as















1 + 2A− 2T ′ − 2HT
)
, (A.69)
and we can see
A→ Ã = A− T ′ −HT . (A.70)
In the same way we can derive
Bi → B̃i = Bi + L′i − T|i , (A.71)
Cij → C̃ij = Cij −HT γ̄ij − L(i|j) . (A.72)
We decompose the perturbations into scalar, vector and tensor by considering the
properties under the coordinate transformation in the three dimensional space. We can
decompose the perturbations as
Bi = B|i + Si , (A.73)
Cij = ψγ̄ij + E|ij + F(i|j) + hij , (A.74)
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tensor
where they satisfy the conditions as
Si
|i = 0 , (A.75)
Fi
|i = 0 , (A.76)
hi
i = 0 , (A.77)
hij
|j = 0 . (A.78)






and we suppose the condition
L(V )i
|i = 0 , (A.80)
is satisfied.
To summarize, we get for scalar perturbations
A→ Ã = A− T ′ −HT , (A.81)
B → B̃ = B + L(S)′ − T , (A.82)
ψ → ψ̃ = ψ −HT , (A.83)
E → Ẽ = E − L(S) , (A.84)
for vector perturbations
Si → S̃i = Si + L(V )′i , (A.85)
Fi → F̃i = Fi − L(V )′i , (A.86)
for tensor perturbations
hij → h̃ij = hij . (A.87)
Similarly we can decompose the perturbations of stress energy tensor. The results
for scalar perturbations are given by




v(S) → ṽ(S) = v(S) + L(S)′ , (A.89)
δp → δ̃p = δp− p̄′T , (A.90)
Π(S) → Π̃(S) = Π(S) , (A.91)
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for vector perturbations
v(V )i → ṽ(V )i = v(V )i + L(V )′i , (A.92)
Π(V )i → Π̃(V )i = Π(V )i , (A.93)
for tensor perturbations
Π(T )ij → Π̃(T )ij = Π(T )ij . (A.94)
The scalar part of the 3-momentum
δq = a(ρ̄+ p̄)(v(S) −B) , (A.95)
transforms as
δq → δ̃q = δq + a(ρ̄+ p̄)T . (A.96)
Under the gauge transformation eq. (A.66), an arbitrary scalar perturbation δf
transforms as
δf → δ̃f = δf − f ′T . (A.97)
For scalar perturbations the metric is given by
ds2 = a2(τ)
{
−(1 +A)dτ2 − 2B|idτdxi +
[





The intrinsic spatial curvature on constant time hypersurface for a flat universe (k = 0)
is given by
R = − 4
a2
∇2ψ . (A.99)
From this fact ψ is often called the curvature perturbation.
A.3 Gauge invariant variables
It is possible to combine the variables to be invariant under the gauge transformation.
For scalar perturbations we can find the gauge invariant combinations as






Ψ ≡ ψ −H(E′ +B) . (A.101)
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A.3 Gauge invariant variables
Similarly we can define the gauge invariant combinations for scalar perturbations of
the stress energy tensor as







v(GI) = v(S) + E′ , (A.103)





and Π(S) and Γ are originally gauge invariant.
We can express the linearized Einstein equations for scalar variables with these
gauge invariants as follows
3H(HΦ−Ψ′) + (∆ + 3k)Ψ = −4πGa2ρ̄δ(GI) , (A.105)
HΦ−Ψ′ = −4πGa2(ρ̄+ p̄)v(GI) , (A.106)





+3HΦ′ − 6HΨ′ − 3Ψ′′ = 12πGa2δp(GI) , (A.107)
Φ + Ψ = −8πGa2p̄Π(S) . (A.108)
For vector perturbations we can find the gauge invariant combination as
ψi = Si + F
′
i . (A.109)





i − Si . (A.110)
We can express the linearized Einstein equations for vector variables with these
gauge invariants as follows
(∆ + 2k)ψi = −16πGa2(ρ̄+ p̄)v(GI)i , (A.111)
ψi
′ + 2Hψi = 8πGa2p̄Π(V )i . (A.112)
As for tensor perturbations, hij and Π
(T )
ij are originally gauge invariant. The lin-
earized Einstein equations for tensor perturbations are given by
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A.4 Gauge fixing
For scalar part in metric perturbations there are 4 variables A,B, ψ,E and there are 2
degrees of freedom T, L(S) in gauge. Therefore the number of the physical degrees of
freedom is 2.
A.4.1 Conformal Newtonian gauge
The conditions for the conformal Newtonian gauge are given by
B̃ = 0 , Ẽ = 0 . (A.114)
From eq. (A.82) and eq. (A.84)
0 = B̃ = B + L(S)
′ − T , (A.115)
0 = Ẽ = E − L(S) , (A.116)
and we get
L(S) = E , (A.117)
T = B + E′ . (A.118)
We can see that the conformal Newtonian gauge is fixed completely. In this gauge we
obtain
Ã = Φ , (A.119)
ψ̃ = Ψ , (A.120)
and the metric becomes
ds2 = a2(τ)
[
−(1 + 2Φ)dτ2 + (1 + 2Ψ)γ̄ijdxidxj
]
. (A.121)
This gauge is also called as the longitudinal gauge.
A.4.2 Comoving gauge
The conditions for the comoving gauge are given by
B̃ = ṽ(S) , (A.122)
Ẽ = 0 . (A.123)
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In this gauge, the spatial components in the four velocity uµ of the fluid disappear. For
scalar field this gauge is δ̃q = 0 and then δ̃φ = 0. We can write the metric as
ds2 = a2(τ)
[
−(1 + 2A)dτ2 − 2v(S)|idτdxi + (1 + 2ζ)γ̄ijdxidxj
]
, (A.124)
where we use ζ instead of ψ.
The comoving curvature perturbation is geven by





This quantity is also gauge-independent.
A.4.3 Uniform-density gauge
The condition for the uniform-density gauge is given by
δ̃ρ = 0 . (A.127)
Under the gauge transformation eq. (A.66), the perturbation of the energy density
transforms as






We can construct the gauge independent variable as
R ≡ ψ − H
ρ̄′
δρ . (A.130)
A.4.4 Spatially flat gauge
The conditions for the spatially flat gauge are given by
ψ̃ = 0 , Ẽ = 0 . (A.131)
From eq. (A.84) and eq. (A.84)
0 = ψ̃ = ψ −HT , (A.132)
0 = Ẽ = E − L(S) , (A.133)
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L(S) = E . (A.135)
The metric for scalar perturbations is given by
ds2 = a2(τ)
[
−(1 + 2A)dτ2 − 2B|idτdxi + γ̄ijdxidxj
]
. (A.136)
Under the gauge transformation eq. (A.66), the perturbation of the scalar field trans-
forms as
δφ→ δ̃φ = δφ− φ′T . (A.137)
We can construct the gauge invariant quantity as




In this gauge we get








The conditions for the synchronous gauge are given by
A = B = 0 . (A.142)
In the synchronous gauge, the gauge is not fixed completely.
A.4.6 Relations between the gauge invariants
We defined the gauge invariants as
ζ ≡ ψ + H
ρ̄+ p̄
δq , (A.143)
R ≡ ψ − H
ρ̄′
δρ , (A.144)






We can define the new gauge invariant combination as
δρm ≡ δρ− 3Hδq . (A.146)
For scalar field φ we can get
ζ = ψ − H
φ′
δφ . (A.147)
We can find some relations between the gauge invariants as
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